We interpret aspects of the Schur indices, that were identified with characters of highest weight modules in Virasoro (p, p ′ ) = (2, 2k + 3) minimal models for k = 1, 2, . . . , in terms of paths that first appeared in exact solutions in statistical mechanics. From that, we propose closed-form fermionic sum expressions, that is, q, t-series with manifestly non-negative coefficients, for two infinite-series of Macdonald indices of (A 1 , A 2k ) Argyres-Douglas theories that correspond to t-refinements of Virasoro (p, p ′ ) = (2, 2k + 3) minimal model characters, and two rank-2 Macdonald indices that correspond to t-refinements of W 3 non-unitary minimal model characters. Our proposals match with computations from 4D N = 2 gauge theories via the TQFT picture, based on the work of J Song [71].   , gcd(n, m) = 1, for n = 2, 3, as a generalization of the results of [72] . For n = 2, Macdonald indices could be computed to arbitrary high orders, but for n = 3, the See [73, 19, 74, 64, 12, 36, 75, 41, 13, 76, 35, 65, 37] for recent progress. 2 In minimal models, usually the modules are labeled by positive integers r i and s i , i = 1, · · · , n. However, due to the constraints n i=1 r i = p and n i=1 s i = p ′ , for p = n, only s i for i = 1, · · · , n − 1 are free parameters left. 1 2 Macdonald index was determined from this approach only to a high order
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Schur and Macdonald indices in Argyres-Douglas theories as vacuum and t-refined
vacuum W N characters. In [10, 11, 28] , Beem et al. showed that the Schur indices in certain Argyres-Douglas theories are characters of irreducible highest-weight vacuum modules in a class of non-unitary W N minimal models. In [71] , Song proposed a method to compute the Macdonald indices that generalizes the Schur indices of [10, 11] as q, t-series expansions of t-refined irreducible highest-weight vacuum modules in the non-unitary Virasoro minimal models M 2, 2k+3 , k = 1, 2, · · · .
Schur indices in Argyres-Douglas theories in the presence of surface operators.
In [63] , Nishinaka et al. studied the Schur indices in Argyres-Douglas theories in the presence of surface operators. They considered two infinite series of Argyres-Douglas theories, 1. the series labeled   A n−1 , A m−1   with gcd(n, m) = 1, and 2. the series labeled   A n−1 , A 2m   , for n = 2, m = 1, 2, · · · , in the presence of the surface operator labeled by s i , i = 1, · · · , n − 1. They showed that in these two infinite series, the Schur index matches the character of the W-algebra highest weight module with the same label s i , i = 1, · · · , n − 1. This generalizes the work of [28, 71, [23] [24] [25] [26] [27] on the vacuum modules, and the work of [29] [30] [31] on the non-vacuum modules, which also involves surface operators in gauge theory 1 . In the present work, we focus on the first series whose dual is the W n minimal model labeled by (p = n, p ′ = n + m) 2 .
Macdonald indices in Argyres-Douglas theories in the presence of surface operators.
In [81] , Watanabe et al. extended the results of [63] to the corresponding Macdonald indices. Sum expressions for the Macdonald indices were obtained in terms of Macdonald polynomials for the series   A n−1 , A m−1 index computed from the gauge theory side, based on the observation that they match as series expansions in q, up to high order. Next, we make the stronger conjecture that the quasiparticles of statistical mechanics are in one-to-one correspondence with the Schur operators that are counted by the Schur/Macdonald index in the gauge theory. Section 5 contains a number of comments.
1.6.1. Remark. We focus on the Virasoro characters, two infinite series of which are considered in this work. Following that, we discuss the case of two W 3 characters separately and in analogous terms.
1.6.2. Remark. While we normally use the terminology t-refinements to add a parameter t, it is often convenient to think in terms of T-refinements instead where T := t/q.
Definitions. The gauge theory side
We recall basic definitions from the gauge theory side 2.1. The 3-parameter superconformal index of 4d N = 2 superconformal field theories.
The superconformal index is defined [4, 57] as the 3-parameter Witten index
where (E, j 1 , j 2 , R, r) are the quantum numbers associated to the N = 2 superconformal algebra, that is, the dilatation charge, the spins, SU(2) R charge and U(1) r charge, F is the fermion number and the Hamiltonian H can be chosen as 5 (2.2)
Local operators contributing to the superconformal index are BPS operators annihilated by H, or equivalently byQ 1− .
2.2. The Schur operators of 4d N = 2 superconformal field theories. The superconformal index depends on three fugacity parameters, p, q and t. One can consider some special limit of the index, where the Hilbert subspace contributing to the index is further restricted. The Macdonald limit, p → 0, restricts the index to local operators that are not only annihilated by the Hamiltonian, but also satisfy
or equivalently (2.4) E = j 1 + j 2 + 2R, r + j 1 − j 2 = 0
These are called Schur operators. We refer the readers to [10] for the conventions and discussions used here, with a (limited) list of possible Schur operators.
2.3. The chiral algebra of 4d N = 2 superconformal field theories. In [10] , a systematic method was discovered to construct a chiral algebra spanned by the Schur operators of 4d N = 2 superconformal field theories. The dual chiral algebra contains the Virasoro algebra with central charge c 2d given by the c-coefficient, c 4d , in the 4-point function of stress tensors in 4d, as
2.4. The Schur index. The Schur index is the Schur limit, p → 0, q = t, of the superconformal index and coincides with the character of the vacuum irreducible highest weight module of the corresponding chiral algebra
where the conformal weight of a 2d chiral algebra state is
in 4d terms.
The Macdonald index.
The Macdonald index is the Macdonald limit, p → 0, of the superconformal index. As the same set of operators, the Schur operators, contribute to the Macdonald index, it is also related to the chiral algebra, as a one-parameter t-refined version of the character. In [72] , Song found that the quantum number ℓ = R + r in the Macdonald index
where (2.9) T := t/q counts the number of fundamental generators in the chiral algebra used to obtain each state starting from the highest weight. A more detailed review on Song's work will be provided in section 2.8.
2.6. Argyres-Douglas superconformal field theories. In the case of a weakly-coupled superconformal gauge theory with a Lagrangian description, one can write a matrix integral based on the field content of the gauge theory, and using that, evaluate the superconformal index [4] . An Argyres-Douglas theory is strongly-coupled and has no Lagrangian description. However, one can compute the superconformal index using the class S theory construction, that is the compactification of 6d N =   2, 0   theory on a Riemann surface with an irregular puncture, and compute the index using the TQFT defined on the Riemann surface [51, 71] . Further, in the case of rank-one Argyres-Douglas theories, it is not difficult to compute the index from BPS quivers [28] and the RG flow from 4d N = 2 SYM [58, 59, 1] . In this work, we focus on Argyres-Douglas theories of type
2.7. TQFT approach to Macdonald index. The Macdonald index of the class of theories we study in this article can be computed via the so-called TQFT approach as
and f I n,m λ is the wavefunction of the irregular puncture I n,m [71, 81] . For example, the wavefunction of I 2,2i+1 i = 1, 2, 3, · · · , is
where λ, a one-row partition, is even, and the wavefunction is zero when λ is odd. For I 3,m , similarly, the wavefunction does not vanish only when the corresponding weight w of the representation λ of A 2 , that is w 1 = λ 1 − λ 2 , w 2 = λ 2 , takes the form
for some appropriate integers k and ℓ. For more details, refer to [71, 81] 2.7.1. Remark. When we expand the index with respect to q, the contribution from each f I n,m λ to the index starts from the level (n + m)h(λ, n), where h(λ, n) is a function that is independent of m. For example, h(λ, 2) = λ 4 ( λ 2 + 1). In other words, if we truncate the index at for example q 10 , the index for smaller m contains more non-trivial information from the viewpoint of TQFT. 2.7.2. Remark. Following [81] , the Macdonald index was shown to match exactly with the t-refined character of the vacuum and next-to-vacuum module in the large m limit of (p, p ′ ) = (n, n + m) minimal models. This also motivates us to focus on the case of small m in this work.
Song's work.
In [72] , Song showed that the Macdonald index of [28] , is a t-refined character of Virasoro algebra that can be computed as follows. We first introduce the parameter T := t/q. To each state in the module that can be written as
we assign a weight T m q h , that is ℓ = m in (2.8), and the t-refined character is given by the sum of the contributions of all the states in the vacuum module of the dual chiral algebra. When there are null states in the module, we delete the states with largest T-weight from the spectrum.
To access non-vacuum modules from the gauge theory side, one needs to either insert defect operators in the perpendicular direction to the chiral algebra plane in 4d [29] [30] [31] , or consider the lens space index of the gauge theory [40] . In the case of   A n−1 , A m−1   theories with gcd(n, m) = 1, the former approach is more powerful, and the correspondence between surface operators and non-vacuum modules of chiral algebra was worked out in [63] .
The Macdonald indices in higher-rank cases and with surface operator inserted in   A n−1 , A m−1   theories with gcd(n, m) = 1 are computed in [81] , via the TQFT approach and the Higgsing method, introduced in [53] , to generate surface operators in gauge theory. We will not describe the details of the Higgsing method, but essentially what it does to the Macdonald index (2.10), in correspondence with inserting a surface operator (labeled by a) in the gauge theory, is to insert a factor of Macdonald polynomial. For example, for n = 2
is inserted in the sum expression over λ. The study of Macdonald indices computed in this way suggests that the t-refined character in higher-rank W n -algebras that reproduces the Macdonald index can be obtained as follows. Given a state generated from the highest weight state by m j spin-j currents, W ( j) , we assign
to that state as its contribution, and we sum over all possible contributions to obtain the t-refined character.
In this work, we take a different approach, namely, we start from a statistical mechanics model described in the next section, define a natural t-refined character to it, and compare the result with the Macdonald index. 
r,s is related to the free-boson realization of the Virasoro algebra, and is known as a bosonic expression. For later purposes, it will be useful to note that χ
Constant-sign (fermionic) sum expressions of the Virasoro characters.
For L 2,2k+3 , a constant-sign (fermionic) sum expression of the Virasoro characters is
where |q| < 1, (q) 0 = 1 and (q) n = n i=1 (1 − q i ) for n > 0. Here k ≥ 1 and 1 ≤ a ≤ k + 1. These are the expressions that we focus on in this work.
Product expressions of the Virasoro characters.
The above fermionic character expressions (3.3) satisfy the Andrews-Gordon identities [6, 55] (3.4)
The k = 1 cases are the Rogers-Ramanujan identities [68, 69] .
3.4. The work of Bressoud. In [22] , Bressoud interpreted the fermionic sum expression (3.3) as the character of Dyck paths with fixed initial and end points. This interpretation works only in the case of L 2,2k+3 models, k = 1, 2, · · · . An equivalent intrpretation, also in terms of Dyck paths, developed in [48] , extends to all (p, p ′ ) Virasoro minimal models. In this work, we use the paths of [48] , a review of which is in the next subsection.
3.5. The paths of Virasoro minimal model characters. The vacuum modules. One can express a Virasoro minimal model character as the generating function of weighted Dyck paths that connect two given points on a restricted-height semi-infinite lattice. More precisely, for a (p, p ′ ) model, one prepares a lattice which is p ′ − 1 bands in height, and L + 2 bands in length, and considers Dyck paths that connect the points {(i, h i )} L+1 i=0 , and satisfy
The correspondence with the Virasoro minimal model characters is obtained by choosing the labels (r, s) of the characters such that s = a, and r is
A ground-state band is defined as a band between j-th line and (j + 1)-th line, such that
For example, in the L 2,5 Lee-Yang model, we have a 4 × (L + 2)-lattice (see Figure 3 .1) and the ground-state band lies between the 2nd and the 3rd lines in the lattice. Further, we need to assign a coordinate system (x, y) with
to each point (i, h i ).
3.5.1. The weight of a path. To each point at (i, h i ) (i = 1, 2, · · · , L), we assign a weight c i that depends on the shape of the path connecting the point with its neighbors and the position of the point. When the path enters a ground-state band in the upward direction at point (i, h i ) ( Figure 3 .2 (a)), or it reaches a peak at (i, h i ) outside the ground-state band ( Figure 3 .2 (b)), the weight c i is determined by
When the path enters in the downward direction to the ground-state band ( The 'L-finite' (or 'finitized') character for a fixed-length lattice and fixed parameters (a, b, c), labeling the start and end points, is given by the sum over all allowed finite-length weighted paths P,
The character of the corresponding minimal model is obtained in the limit L → ∞,
The vacuum module in an L 2, 2k+3 model is characterized by r = s = a = 1, and r is fixed by b and c through (3.5). In principle, there are two equivalent combinations 6 of (b, c) that give the same value of r. We choose the one such that the lattice square spanned by the point (L 
3.5.2.
Remark. In the case of the models L 2, 2k+3 (and only in this case), one can check that the contributions to the weight of a path come effectively from the positions of the peaks and valleys (that is, the positions along the horizontal extension of the lattice, which starts from i = 0), outside the ground-state band, and that it costs nothing to wander inside the ground-state band. A typical path with finite weight (in the L → ∞ limit) will converge into a zigzag inside the ground-state band at finite i.
3.5.3.
Remark. The path with no peaks or valleys outside the ground-state band is the minimal path (an example is in Figure 3 .1), and corresponds to the highest weight state in the corresponding minimal model module. Descendant states correspond to non-minimal paths.
An example of a non-minimal path in the Lee-Yang model L 2,5 is in Figure 3 .4. Each peak and valley outside the ground-state band is assigned a definite weight. For example, the path with a single valley of weight 2 and the path with a single valley of weight 4 in the Lee-Yang model L 2,5 are shown in Figure 3 .5 and 3.6, respectively. We can also consider a path with both valleys, as in Figure 3 .7, whose weight is wt = 2 + 4 = 6. The character of the vacuum module for the Lee-Yang model (k = 1) can then be computed as (3.13 )
where N 1 gives the number of valleys plus peaks, and t i denotes the corresponding weight of the i-th valley or peak 7 . These peaks and valleys behave as excitations of (quasi-)particles, and we refer to them as particles. 3.5.4. Higher-k models. Models with higher k are built using the same rules described in the previous subsection, but they are naturally somewhat more complicated. Consider k = 2, that is p = 2, p ′ = 7. The lattice in Figure 3 .8, of size 6 × (L + 2), L = 12, shows the minimal path in this model. For higher k, there are k particle species. For k = 2, there are two different paths, one in Figure 3 .9 and one in 3.10, with a single particle each, of different particle species, but the same weight, 4.
3.5.5.
Remark. We note that one can judge the type of a given particle by using the moves defined in [44] to transform it to the particle with minimal weight of the same type.
3.5.6. Remark. For k = 2, 3, · · · , there is a Z 2 reflection symmetry between the peaks and valleys with the same weight. This symmetry is clear when we compare upper boundary of the ground-state band. For k > 2, we have more than two types of particles, and there will be a Z 2 reflection symmetry between each pair of two different species. We will interpret these quasi-particles as BPS operators in the context of gauge theory, however, it is not clear what kind of role these Z 2 reflection symmetries play there.
The constant-sign sum expression of the k = 2 vacuum character is
The term (1−q)(1−q 2 ) and q 8
(1−q) 2 can thus be interpreted respectively as the contributions from paths with two valleys and paths with one peak and one valley. In this way, we see that N 1 in this example counts the number of all particles, while N 2 counts the number of particles of the same type as those in Figure 3 .9 and 3.11, that's is particles of height 1 above the ground-state band.
In the L 2,2k+3 model, we can have k types of peaks/valleys with the same weight. N 1 always counts the total number of all particles, and N i , i > 1 counts the number of different particle species. For example, the three paths with weight 6, in the case k = 3, are shown in different colors in Figure 3 .13.
3.6. The paths of constant-sign Virasoro characters. The next-to-vacuum modules. To go to non-vacuum modules, we change a to values larger than 1. The next-to-vacuum module corresponds to a = 2. For example in the Lee-Yang model L 2,5 , the corresponding primary field has conformal dimension ∆ = − 1 5 . The minimal path (with weight zero) that corresponds to the highest weight state is shown as the black line in Figure 3 .14. A direct consequence of the changing value of a is is the appearance of new particle configurations with weight 1 (see the red path shown in Figure 3 .14). The character of this module is then modified to (3.15 )
where N 1 again counts the number of all peaks and valleys.
3.6.1. Higher-k models. A similar analysis extends to higher-k models. We take k = 2 as an example again. Here, we also have a possible new valley of weight 1 (see the red path in Figure 3 .15), and there are two types of particles (two paths with the same weight wt = 3 are shown in Figure 3 .15 in blue and green). These modifications are reflected in the constant-sign sum expression for the character (3.16)
It still holds that N 1 counts the total number of particles, and N 2 counts the number of particles of the type shown in blue in Figure 3 .15.
3.7.
A T-refinement of the constant-sign sum expressions of the Virasoro characters as Macdonald indices. Since there are k particle species (as peaks or valleys) in the L 2, 2k+3 model, a natural t-refined counting assigns a power of the refinement parameter T to each particle, where T = t/q. In the Lee-Yang model (k = 1), there is only one type of particles, so we assign a weight T to each particle in a path, and then the t-refined characters (written in terms of T) of the vacuum module and the next-to-vacuum module are
In the case of k = 3, there are two types of (excited) particles with weight larger than 3 in the vacuum module, and two in the next-to-vacuum module. We assign the weight T to the first type that is counted by N 1 − N 2 (such as the valley in Figure 3 .12, and the valley in green in Figure 3 .15), and T 2 to the other type counted by N 2 (such as the peak in Figure 3 .11 and the peak in blue in Figure 3 .15). The t-refined character formulas are thus given by
We see in this way that in general we can refine the character with the factor
in the sum expression, that is to say, each particle of the i-th type, whose number is counted by
, is assigned a weight T i . We remark that k i=1 N i is the linear part of the power of q, that is, i N 2 i +N i , in the constant sign sum expression for the vacuum character. We will see from the series expansion of the sum expression that the above prescription matches Song's prescription to refine the Schur index to the Macdonald index, which also matches the computation of the Macdonald index from the TQFT approach.
A proposal for a closed-form expression for the Macdonald index
We give our main proposals in the form of three conjectures and provide evidence for them.
Main proposal.
Recall that the q-series identities of Andrews-Gordon [6, 55] take the form
where |q| < 1, k ≥ 1 and 1 ≤ a ≤ k + 1. We have already seen that N i 's for i = 1, · · · , k count the number of particles of different species in the paths approach. The t-refined version of the character (4.1), following the prescription we described in the previous section, then is
We first conjecture that the t-refined characters of the vacuum and next-to-vacuum modules are equal to the corresponding Macdonald indices for n = 2.
4.1.1. Conjecture 1.
As there are series of fermionic sum expressions for characters of W 3 model with (p, p ′ ) = (3, 7), we conjecture that the t-refined version of these expressions for the vacuum and next-tovacuum modules agree with the corresponding Macdonald indices.
Conjecture 2.
(4.4a) χ (3,7) (s 1 ,s 2 )=(1,1) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 3 2 +n 4 2 +(n 1 +2n 2 +3n 3 )n 4 +(n 1 +2n 2 +3n 3 +2n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
(4.4b) χ (3,7) (s 1 ,s 2 )=(1,2) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 +(n 2 +2n 3 +n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
We provide evidence for the above conjectures by comparing both sides as series expansions in q (where t = Tq) and matching them up to high orders.
We further push this correspondence to interpret these particles as BPS operators contributing to the Schur/Macdonald index.
Conjecture 3: A path interpretation of aspects of the Schur index.
• The number of types of primary Schur operators is the number of particles.
• Each path corresponds to a composite operator. Each particle in a path corresponds to a Schur operator.
• A particle at minimal position (smallest possible weight) corresponds to a primary Schur operator. A particle far from a minimal position corresponds to a derivative of a primary Schur operator, the distance from the minimal position equals the number of derivatives.
The Macdonald version of the sum expressions of the Virasoro characters.
The expression for the t-refined Virasoro character is
Let us list the t-refined characters of the vacuum module and the next-to-vacuum module for k = 1, 2, 3 as a series expansion in q.
(4.6) χ (2,5) a=1 (q, T) =
χ (2, 5) a=2 (q, T) =
(4.10) χ (2, 9) a=1 (q, T)
We will see later, while comparing with the Macdonald indices computed from the TQFT picture of gauge theories, that they agree with the above expressions (4.6)-(4.11).
4.3.
The sum expressions of the W 3 characters. The sum expressions for (p, p ′ ) = (3, 7) W 3 minimal models are developed in [38] , and take the form (4.12a) χ (3, 7) (s 1 ,s 2 )=(1,1) (q) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 3 2 +n 4 2 +(n 1 +2n 2 +3n 3 )n 4 +(n 1 +2n 2 +3n 3 +2n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 = 1 (q 2 ; q 7 )(q 3 ; q 7 ) 2 (q 4 ; q 7 ) 2 (q 5 ; q 7 ) , (4.12b) χ (3,7) (s 1 ,s 2 )=(1,3) (q) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 +n 3 +n 4 (q) n 1 (q) n 2 (q) n 3 (q) n 4 = 1 (q 1 ; q 7 )(q 2 ; q 7 ) 2 (q 5 ; q 7 ) 2 (q 6 ; q 7 ) , (4.12c) χ (3,7) (s 1 ,s 2 )=(2,2) (q) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 (q) n 1 (q) n 2 (q) n 3 (q) n 4 = 1 (q 1 ; q 7 ) 2 (q 3 ; q 7 )(q 4 ; q 7 )(q 6 ; q 7 ) 2 , (4.12d) χ (3, 7) (s 1 ,s 2 )=(1,2) (q) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 +(n 2 +2n 3 +n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 = 1 (q 1 ; q 7 )(q 2 (q 1 ; q 7 ); q 7 )(q 3 ; q 7 )(q 5 ; q 7 )(q 1 ; q 7 )(q 6 ; q 7 )
The vacuum character (labeled by s 1 = s 2 = 1) is given in equation (4.12a) and the character of the next-to-vacuum module, labeled by s 1 = 1 and s 2 = 2, is given in (4.12d). These two characters will be the main focus of ours in this model.
We remark that as before, n 1,2,3,4 is the total number of particles of different species. This means that there are four types of fundamental particles in the W 3 , (p, p ′ ) = (3, 7) , model, and all states are composition of these fundamental particles or their descendants following some selection rules. For example we can write the explicit form of the vacuum character, 
where the second term and the third term respectively correspond to n 1 = 1 and n 4 = 1 (other n i 's being zero), and the sixth term (1−q) 2 is generated from n 1 = n 4 = 1, n 2 = n 3 = 0, that is the lowest contribution comes from the composition of a weight 2 particle (counted by n 1 ) and a weight 4 particle (counted by n 4 ). 4.4. The Macdonald version of the sum expressions of the W 3 characters. Now we consider the T-refinement of the fermionic characters (4.12a)-(4.12d). As the path picture is currently not completely clear for higher-rank minimal models, the most natural generalization for W 3 is to add a refinement weight (4.14) T n 1 +2n 2 +3n 3 +2n 4 , to each term in the summation, where n 1 + 2n 2 + 3n 3 + 2n 4 is the linear term appearing in the power of q in the vacuum character as in the case of T-refinement of Virasoro characters. In terms of particles, the refinement weight (4.14) means that we assign a weight T to the first type counted by n 1 , T 2 to the second type of particles counted by n 2 and so on. The refined expressions for each module in (p, p ′ ) = (3, 7) model are given below, together with their series expansions in q.
(4.15a) χ (3,7) (s 1 ,s 2 )=(1,1) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 3 2 +n 4 2 +(n 1 +2n 2 +3n 3 )n 4 +(n 1 +2n 2 +3n 3 +2n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
(s 1 ,s 2 )=(1,3) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 +n 3 +n 4 (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
(s 1 ,s 2 )=(2,2) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
(s 1 ,s 2 )=(1,2) (q, T) = n 1 ,n 2 ,n 3 ,n 4 0 q (n 1 +n 2 +n 3 ) 2 +(n 2 +n 3 ) 2 +n 2 3 +n 2 4 +(n 1 +2n 2 +3n 3 )n 4 +(n 2 +2n 3 +n 4 ) (q) n 1 (q) n 2 (q) n 3 (q) n 4 T n 1 +2n 2 +3n 3 +2n 4
The ASW sum expressions of W 3 characters. Another version of the sum expressions of the W 3 , (p, p ′ ) = (3, 7), characters is proposed in [8] ,
(s 1 ,s 2 )=(1,1) (q) = n 1 ,n 2 0 q n 2 1 −n 1 n 2 +n 2 2 +n 1 +n 2 (q) n 1 2n 1 n 2 q ,
(s 1 ,s 2 )=(2,2) (q) = n 1 ,n 2 0 q n 2 1 −n 1 n 2 +n 2 2 (q) n 1 2n 1 n 2 q , (4.16d) χ (3,7) (s 1 ,s 2 )=(1,2) (q) = n 1 ,n 2 0 q n 2 1 −n 1 n 2 +n 2 2 +n 1 (q) n 1 2n 1 + 1 n 2 q = n 1 ,n 2 0 q n 2 1 −n 1 n 2 +n 2 2 +n 2 (q) n 1
is the q-Gaussian polynomial 8 .
As before, we wish to refine the characters (4.16a)-(4.16d) with T to the power of the linear term in the power of q in the numerator of the vacuum character, that is, T n 1 +n 2 . The Macdonald version of the W 3 characters that we obtain in this way are (s 1 ,s 2 )=(1,1) (q, T) = n 1 ,n 2 0 q n 2 1 −n 1 n 2 +n 2 2 +n 1 +n 2 (q) n 1 2n 1 n 2 q T n 1 +n 2 q n 2 1 −n 1 n 2 +n 2 2 +n 2 (q) n 1 2n 1 + 1 n 2 q T n 1 +n 2 
The above results (4.19) , (4.20) and (4.21) match the t-refined characters obtained from our path approach (4.6), (4.8) and (4.10) 4.7. Matching the Virasoro infinite-series of next-to-vacuum characters. Following [81] , the Macdonald indices corresponding to the next-to-vacuum modules, computed by inserting a surface defect with vortex number s ′ = 1, are 11   and they match (4.7), (4.9) and (4.11) computed from the path approach. 4.8. Matching the W 3 vacuum and next-to-vacuum characters. The Macdonald indices for rank-two Argyres-Douglas theories are also computed in [81] via the TQFT approach, and the indices corresponding to the next-to-vacuum module are also conjectured based on the Higgsing approach. In this way, we obtained (4.25)
Interestingly, (4.25) and (4.26) respectively match with (4.15a) and (4.15d) (or equivalently (4.18a) and (4.18d)) up to the order computed for the Macdonald index. 4.8.1. Remark. The above indices (4.25) and (4.26) are computed in the TQFT appraoch only with the wavefunction f I 3, 4 ∅ (q, t) and f I 3, 4 (2,1) (q, t), and are truncated at the level that is not affected by the next non-trivial contributions from f I 3, 4 (3,0) (q, t) and f I 3, 4 (3,3) (q, t).
Relation with Schur operators.
Here, we focus on the cases corresponding to Virasoro minimal models, where the paths picture is well-understood. For the Lee-Yang model L 2,5 , the vacuum character is (4.27)
and its t-refined version is (4.28)
Let O denote the primary operator in the gauge theory that corresponds to the contribution Tq 2 in the Macdonald index. Each particle with weight t i corresponds to t i − 2 derivatives 9 acting on O, that is, the operator (σ 2 ) ,Ĉ 2(1,1 ] in [2] . This superselection rules is easily understood in the language of paths.
More generally, the vanishing of the OPE coefficient
] matches with the fact that there are only k types of particles in the statistical mechanical model of paths, and supports our conjecture regarding the correspondence between the Schur operators and the paths. 9 σ µ αα or more explicitly (σ µ ) 3 µ=0 = (1, σ 1 , σ 2 , σ 3 ) is the a collection of Pauli matrices that can be used to convert the representation of the SO(4) Lorentz group to the spinors of SU(2)×SU (2) . σ µ ++ is the top component of this matrix, as a Schur operator always has to be the highest-weight state in the representation of Lorentz group [10] .
In the case of (p, p ′ ) = (3, 7), there are four types of particles in the fermionic sums (4.12a) to (4.12d) . From the discussion of [2] to the effect that W 2 is not included in the spectrum, where W = C 1(0,0) , etc., it is consistent to identify the four primary operators as O =Ĉ 0(0,0) , C 1( 1 2 , 1 2 ) ∼: O 2 :,Ĉ 2(1,1) ∼: O 3 :, and W = C 1(0,0) , whose refinement weights are respectively T, T 2 , T 3 and T 2 . In particular, the weight T 2 for W agrees with the prescription given in [81] . The consistency with previous works on the gauge theory side also suggests that the formulation of (4.12a) to (4.12d) is essentially a free theory approach.
Comments
Surface operators and characters.
Only the Macdonald indices computed in [81] that correspond to the vacuum module or the next-to-vacuum module (that is, in the Virasoro case, the (r = 1, s = 1) and (r = 1, s = 2) modules, and in the W 3 case, the (r 1 , r 2 , s 1 , s 2 ) = (1, 1, 1, 1) and (r 1 , r 2 , s 1 , s 2 ) = (1, 1, 1, 2) modules), are observed to directly take the form of a t-refined character. The Macdonald indices for more complicated modules, obtained using the same method, contain negative contributions. It is not clear whether only the Macdonald indices of the vacuum and the next-to-vacuum module have a physical meaning as t-refined characters in the dual chiral algebra.
Refining the bosonic version of a character.
In the case of Virasoro characters, it is possible to t-refine the bosonic version of a character using the Bailey lattice method of [3] 10 . However, The Bailey refinement is a complicated one, as it involves not just the parameter t, but also the Bailey sequences α n and β n , n = 0, 1, · · · . The β sequence can be trivialized (β n = 1 (q) n , n = 0, 1, · · · ) to obtain the refined fermionic version that we want (so we know that this is the correct t-refinement, but the bosonic version will now involve the α n sequence and becomes quite complicated. For that reason, it seems to us that there is no advantage to t-refining the bosonic version in the case of Virasoro characters, since we know the t-refined fermionic versions, and we expect that the situation can get only (much) more complicated in the case of W 3 algebras where very little, and W N algebras where nothing is known about the fermionic versions of the characters or the Bailey lattice.
The works of Bourdier, Drukker and Felix.
In [20, 21] , Bourdier, Drukker and Felix observed that the Schur index of certain theories can be written in terms of the partition function of a gas of fermions on a circle. It is not clear to us at this stage whether the latter fermions are related to ours. However, it is also entirely possible that the results of [20, 21] can be t-refined to obtain Macdonald indices. Further discussion of this is beyond the scope of this work.
The works of Beem, Bonetti, Meneghelli, Peelaers and Rastelli.
Our work is definitely restricted to Song's approach to the Macdonald indices in W N models. In that approach, Song basically constructs the bosonic version of the character. Moreover, our work is restricted to those characters that we know the fermionic version thereof. It is entirely possible that the approach of the recent works [19, 12, 13 ] is the right one to compute the Macdonald index in closed form in all generality. 5.5. Paths, particles, instantons, BPS states and the Bethe/Gauge correspondence. The paths are combinatorial objects that naturally belong to the representation theory of Virasoro irreducible highest weight modules 11 . Following McCoy and collaborators [14, 16, 17, 56] on the fermionic expressions of the Virasoro characters, the paths are interpreted in terms of (quasi-)particles and (quasi-)momenta [45, 46, 44, 48] . Subsequently, attempts were made to obtain the fermionic expressions of more elaborate objects, such as the correlation functions in statistical mechanics, or the conformal blocks in 2D conformal field theories without success [60] .
After the discovery of Nekrasov's instanton partition function and the AGT correspondence, it became clear from [18] that the fermionic expressions of the 2D conformal blocks in Virasoro minimal models are the Nekrasov instanton partition functions, and that the particles on the statistical mechanics/conformal field theory side are in correspondence with the instantons on the gauge theory side.
What we obtain in this work is a correspondence of a different type: a correspondence between the particles and the BPS states in Argyres-Douglas theories on the gauge side. It is natural to speculate that the Bethe/Gauge correspondence of Nekrasov and Shatashvili [61, 62] lies behind the results that we have obtained in this work 12 .
